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I. INTRODUCTION
This study is concerned with the propagation of nonlinear water waves of solitary and cnoidal types over a fully submerged, horizontal, flat plate in shallow water. The presence of the submerged fixed plate in the flow field results in the separation of the fluid domain above and below the structure. Above the plate, the wave height initially increases due to the sudden reduction in water depth, and the wave undergoes significant deformation. Below the plate, the vertical particle velocity is zero and the flow is uniform and oscillatory. Consequently, part of the wave energy reflects back upwave of the plate, and the transmitted energy downwave of the plate may be scattered. Hence, the transmitted wave height will be smaller than the incident wave.
A pile-supported or moored horizontal plate may be utilized as a breakwater to mitigate severity of waves approaching shoreline. A submerged breakwater can preserve some of the natural water circulation downwave of the object, it does not create visual obstruction, it is simple and relatively inexpensive to build and maintain (when compared with the mound structures), and hence it is an attractive alternative for protection of coastlines. Laboratory experiments of Brossard et al. (2009) show that a submerged plate is more efficient in scattering the wave energy than a submerged step of the same length. A submerged plate can be used for protection of marine aquaculture regions, or be used directly for oyster farming, for example. A submerged plate can also act as a major component of wave energy devices, see e.g. Carter and Ertekin (2014) . A combination of breakwater-energy In recent years, and with the progress in computational methods and resources, the problem of interaction of nonlinear waves with submerged obstacles has been studied using the computational fluid dynamics (CFD) approach. Assumptions of inviscid fluid and irrotational flow are released and the governing equations are changed to the Navier-Stokes (N-S) equations. Such methods are use by, e.g. Huang and Dong (1999) for wave propagation over a submerged dike, and by Carter et al. (2006) ; Lo and Liu (2014) ; Hayatdavoodi et al. (2015) for wave interaction with a submerged plate.
Yet another alternative is that employed by Green and Naghdi (1976b,a) , who constructed a nonlinear wave theory on directed fluid sheets. Green and Naghdi obtained a fairly general theory that has its roots in the theory of plates and shells (Green et al. (1974) ). The resultant fluid flow governing equations, namely the Green-Naghdi theory of water waves (GN hereafter), is applicable to propagation of nonlinear waves in an incompressible medium. The theory considers a three-dimensional body of the fluid, known as the fluid sheet, and satisfies exactly the boundary conditions on the top and bottom surfaces (the free surface and seafloor boundaries, respectively) of the fluid sheet, and postulates the integrated conservation laws. In the general form of the theory, incompressibility is the only assumption made about the medium. The fluid does not need to be inviscid and it is not necessary for the flow to be irrotational, although the equations can also be governed by assuming an irrotational flow, see Kim and Ertekin (2000) ; Kim et al. (2001 Kim et al. ( , 2003 ; Ertekin et al. (2014) . The only assumption made about the kinematics of the flow is the distribution of the vertical velocity over the fluid sheet. The theory is classified based on the order of the polynomials used to describe this distribution. In the Level I GN equations, for example, a linear distribution of the vertical velocity and constant distribution of horizontal velocity are considered, see Section II for the details. Each increasing Level corresponds to an increasing number of governing equations, and in principle to increasing level of accuracy. See e.g. Webster and Shields (1991) ; Zhao et al. (2014a Zhao et al. ( , 2015 for discussion and application of higher-level GN equations. Further information about the GN theory can be found in, e.g., Ertekin (1984) ; Shields and Webster (1988) ; Demirbilek and Webster (1992) ; Webster and Wehausen (1995) ; Demirbilek and Webster (1999) . In this paper, we will use the Level I GN theory to study the problem of nonlinear wave propagation over a submerged horizontal plate in shallow water.
In recent years, and with the development of computational tools, a number of particle-based methods have been used to study wave transformation and interaction with submerged obstacles, see e.g. Wei and Dalrymple (2016) ; Sampath et al. (2016) . Further details on different theoretical approaches used to study the problem of wave interaction with a submerged plate can be found in a recent review by .
Laboratory experiments on wave interaction with submerged plates in deep and intermediate water are conducted by Dick and Brebner (1968) ; Dattatri et al. (1977) ; Neelamani and Reddy (1992) ; Brossard and Chagdali (2001) ; Liu et al. (2009); and Brossard et al. (2009) , among others. Experiments on solitary and cnoidal wave scattering by a submerged plate are conducted by Lo and Liu (2014) ; Seiffert et al. (2014) ; Hayatdavoodi et al. (2015) , with emphasis on the wave-induced forces on the object.
Here, attention is confined to the interaction of regular, non-breaking water waves with a twodimensional, impermeable, rigid, submerged plate that is fixed at all times. A number of other studies have focused on the interaction of water waves with submerged plates with different characteristics. See, e.g., Yu and Chwang (1994) for effect of plate porosity on the flow field, Usha and Gayathri (2005) ; Cho et al. (2013) for effect of multiple submerged horizontal plates, and Hassan et al. (2009) ; Williams and Meylan (2012) for wave interaction with an elastic plate. The Level I GN equations are used by to study the interaction of periodic waves with a submerged elastic plate. The three-dimensional wave scattering by submerged disks is studied by, e.g., Yu and Chwang (1993) .
Most of the applications of submerged plates in wave control or energy extraction is in shallow waters, and in the presence of nonlinear waves. Most of the works in literature, however, are concerned with deep to intermediate water conditions, and use theoretical approaches that are not suitable for propagation of nonlinear long waves. Nonlinear shallow-water waves are fundamentally different from linear waves, or nonlinear deep-water waves. Consequently, the wave scattering by a submerged plate in shallow water posses some specific characteristics due to nonlinear wave conditions. Our objectives in this work are to (i) formulate the problem of nonlinear wave scattering by a submerged plate by use of the Level I GN equations, (ii) study interaction of nonlinear waves of cnoidal and solitary types with a submerged plate in shallow water, (iii) define and asses the use of reflection and transmission coefficients in analyzing results of the fundamentally nonlinear theory, and (iv) study solitary wave scattering by a submerged plate. Results of the GN equations are compared with the existing laboratory measurements and other theoretical solutions (in deep to intermediate depths), and the wave scattering is analyzed by performing a parametric study.
The Level I Green-Naghdi theory, and its application to the problem of propagation of long waves over a submerged plate are discussed in Section II. The wave scattering by the submerged plate in intermediate and deep waters is studied by defining reflection and transmission coefficients, and the GN results are compared with the laboratory experiments and other existing theoretical solutions. The procedure in defining the coefficients is given in Section III, followed by a comparison and discussion of the GN results in Section IV. The paper is closed by the concluding remarks.
II. THE LEVEL I GREEN-NAGHDI EQUATIONS
The Level I GN equations are used here in their two-dimensional form. A right-handed Cartesian coordinate system, with x 1 pointing to the right and x 2 directed against gravity is considered, where the origin of the coordinate systems is on the still-water level (SWL). Here, SWL refers to the undisturbed water level in the absence of waves. The fluid is inviscid and the flow is incompressible, but irrotationality is not required. In the Level I GN equations, it is assumed that the vertical velocity, u 2 (x 1 , x 2 , t), varies linearly along the water column. This assumption, along with the incompressibility condition, results in constant horizontal velocity in the vertical direction, i.e., u 1 (x 1 , x 2 , t) = u 1 (x 1 , t); a condition that is mostly applicable to propagation of long waves. Here, t stands for time. The free surface, η(x 1 , t), is measured from the SWL. The Level I equations as used here are given by (Ertekin (1984) ):
where α(x 1 , t) is the vertical location of the bottom of the fluid sheet, h is the water depth, ρ is the mass density of the fluid, g is the gravitational acceleration. The Latin subscripts with comma are partial differentiation with respect to the indicated variables, and superposed dot is the two-dimensional material time derivative. u 2 (x 1 , x 2 , t) is the vertical component of particle velocity. P is the integrated (over the water column) pressure,p is the pressure on the bottom curve (α) of the fluid sheet, and p(x 1 , t) is the pressure on the top curve of the fluid sheet. Hayatdavoodi (2013) and Hayatdavoodi and Ertekin (2015b) applied the Level I GN equations to the problem of propagation of an inviscid and incompressible fluid over a fully submerged, horizontal flat plate in shallow water, with emphasis on determining the wave-induced loads on the plate. A comparative study of nonlinear wave interaction with a submerged plate by use of the GN equations and a CFD approach is given by Ertekin and Hayatdavoodi (2015) .
A. The domain equations
In this approach, the plate is thin (zero thickness in theory) and the continuum domain is separated into four regions, namely Region RI upwave of the plate, Region RII above the plate, Region RIII beneath the plate, and Region RIV downwave. Each of the regions is subject to specific boundary conditions. The leading and trailing edges of the plate are fixed at x 1 = X L and x 1 = X T , respectively. At the discontinuity curves, namely the leading and trailing edges of the plate, certain conditions 065212-5 Hayatdavoodi, Ertekin, and Valentine AIP Advances 7, 065212 (2017) are enforced to ensure satisfaction of the conservation laws and a continuous solution in the entire domain. A schematic of the fluid domain is shown in Fig. 1 . In Regions RI and RIV, upwave and downwave of the plate, we are concerned with the propagation of nonlinear waves over a flat and stationary seafloor (α = 0). The top surface, η, is free and subject to the atmospheric pressure taken asp = 0, without loss in generality. Hence, in RI and RIV regions, the GN equations (1), are given as
where h I is the constant water depth in RI and RIV. The explicit unknowns in RI and RIV regions are the surface elevation (η) and horizontal velocity (u 1 ). Region RII, above the plate, is subject to atmospheric pressure on the top surface,p = 0, and constant water depth above the plate h II = d. In this study, the plate is rigid, horizontal and fixed at all times. Hence the bottom surface of the fluid sheet, i.e. the plate, is stationary: α(x 1 , t) = 0. The GN equations (1), for this region are given as
Similar to RI and RIV regions, the explicit unknowns in RII are the surface elevation (η) and horizontal velocity (u 1 ).
In Region RIII, below the plate, the top surface is the fixed plate. The water depth is constant h = h III , and surface elevation is zero η = 0. We assume horizontal and stationary seafloor α(x 1 , t) = 0. 
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where C(t) is the integration constant and x 1 is measured from an arbitrary reference point in RIII, at whichp(0, t) = C(t). Equation (4c), the zero vertical velocity under the plate, is obtained by substituting η = 0 condition of RIII into the equation of the vertical velocity, Eq. (1c). Equation (4a), direct result of substituting η = 0 into the conservation of mass equation for an incompressible fluid flow (1a), shows a uniform flow field under the plate at each time step, similar to the Coutte flow between two parallel walls. The driving force in RIII is the pressure differential between the two ends of the region. Equation (4b) presents a linear distribution of top pressure underneath the plate. The explicit unknowns in RIII are the top pressure (p) and the horizontal velocity (u 1 ).
In the limit of a "long" plate,
plate bottom pressure at the edges will be unbounded. This condition is not physical and hence, Eq. (4b) is not applicable to "long" plates. To obtain a physical solution forp at this limit, and recalling from (4b) thatp varies linearly in Region III at all times, we assumep in Region III varies linearly between the leading and trailing edges of the plate, i.e.
wherep(X L , t) andp(X T , t) are the plate bottom pressures at the leading and trailing edges, respectively. In the limit of x 1 → 0 of a "short" plate, Eqs. (5) and Eq. (4b) are identical. The fluid motion inside Region III is determined by integrating Eq. (4a) with respect to t:
wherep x 1 is calculated by differentiating Eq. (5). The GN equations of the four regions satisfy the free surface and bottom boundary conditions exactly. To obtain a continuous solution in the entire domain, jump and matching conditions are enforced at the discontinuity curves where the regions meet.
B. The jump and matching conditions
At the leading and trailing edges of the plate, where three different regions meet, x 1 = X L and x 1 = X T , functions η(x 1 , t), u 1 (x 1 , t),p(x 1 , t) andp(x 1 , t) and their spatial derivatives are no longer necessarily continuous. We recall from the Appendix section of Hayatdavoodi and Ertekin (2015b) , the appropriate form of the jump conditions demanded by the theory to match the solution on either side of the discontinuity curves. The jump conditions are given by
where ϕ = η + h is the thickness of the fluid sheet, =φ, and the subscriptX = X L andX = X T when writing the jump conditions for the discontinuity curve at the leading edge and trailing edge, respectively, and
In Eqs. (7), the notation [[ f ]]X , where f is any function, stands for the jump in f across the discontinuity curves, i.e.,
In Eqs. (7), 1 , 3 and L 3 , arise from non-vanishing integrable singularities ofp,p and ϕ ,x 1 on the discontinuity curves, and they result in the balance of the jump in the horizontal component of linear momentum, the jump in the vertical component of linear momentum and the jump associated with the moment of momentum (director momentum), respectively. Equation (7a) ensures the mass conservation across the discontinuity curve.
In addition to the jump conditions, two matching conditions are enforced at the discontinuity curves, motivated by the physics of the fluid around the plate. First, we require that the top surface remain continuous across the discontinuity curves, given as
Recall that η(x 1 , t) = 0 in RIII. From ϕ = η + h and for a constant water depth (h = h I ), condition (10) reads
or
i.e., the plate is thin (as assumed in this model).
We also require continuous pressure on the seafloor at the discontinuity curves, X L and X T , such that
Condition (13) is written at x 1 = X L as
wherep I andp III are the bottom pressure of RI and RIII, receptively. Substituting Eqs. (2e) and (4e) into Eq. (14), and adding the force on the fluid due to the jump conditions (7), we have
where, 3X L and L 3X L are the resultant forces at the leading edge of the plate due to the jump condition (7). Similarly,p (X T , t) is written aŝ
where, 3X T and L 3X T are the forces on the plate due to the jump conditions at the trailing edge of the plate, given in Eq. (7c). Note that it is possible to obtain a solution for the problem by specifying a constitutive equation for the force on the fluid sheet at the leading and trailing edges under any physical condition. This would require a priori knowledge of the forces due to the jumps. Here, however, we avoid the necessity of explicitly specifying constitutive equations. The above matching conditions result in system of equations that satisfy the governing equations, boundary conditions and the jump conditions of the theory, exactly.
In this study, the function η is single-valued, and hence all cases considered are concerned with non-breaking waves. In the absence of use of any scaling parameter in the derivation of the GN equations, in any level of the theory, limitations of the applicability of the theory to a given problem is set by the numerical schemes used to solve the equations.
Hereafter, we use h for the constant water depth upwave and downwave of the plate, and d for the water depth above the plate, also referred to as the submergence depth of the thin plate. λ and H refer to the incident (un-scattered) wavelength and wave height, respectively, and L p is the plate length, in the wave propagation direction.
C. The wavemaker
On the left side of RI upwave, a numerical wavemaker capable of generating solitary and cnoidal waves is installed. Solitary solution of the GN equations is given by Green et al. (1974) η
where x 0 is the location of the center of the solitary wave at time t = 0 and A is the solitary wave amplitude. U = g (A + h) is the propagation speed of the solitary wave over a flat seafloor. The vertical component of particle velocity, u 2 (x, x 2 , 0), under the GN solitary wave is given by Hayatdavoodi and Ertekin (2015c) 
The cnoidal solution of the Level I GN equations can only be obtained in a semi-closed form when the water depth is constant in the vicinity of the wavemaker. Let us define a moving coordinate in the form ofx = x 1 − ct, where c is the wave phase speed, i.e., the constant speed of the right-moving coordinate. Note that the right-moving coordinate is only used at the location of the wavemaker. A periodic solution of the Level I GN equations is given in the moving coordinate as (see Sun (1991) and Ertekin and Becker (1998) )
where the constant phase speed c, is given by
and
where
and Cn(ξ, k) is the Jacobian elliptic cosine function with an argument ξ and modulus k, and K(k) and E(k) are the complete elliptic integrals of the first and second kind, respectively. We note that the physical variables are given in dimensionless form by selecting (ρ, g, h) as a dimensionally independent set:η
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An iterative approach is used to solve Eqs. (21) and (26). The wavemaker motion is then described by
where t ≥ 0, and η 0 and u 0 are specified by Eq. (21). For the cases studied in this work, we define the length of the upwave region, RI, and the computational time such that the reflected waves from the plate do not interfere with the wavemake. For further examples of waves generated by the GN theory see, e.g., Demirbilek and Webster (1992) , Ertekin et al. (2014) and Zhao et al. (2014b) .
D. The open boundary
On the right hand side of RIV, downwave from the plate, an open boundary is set up to minimise the wave reflection to the tank. Previous works of Wu and Wu (1982) and Ertekin (1984) have shown that a relatively simple open-boundary condition is sufficient in preventing significant reflection from the boundary. We use the Orlanski's condition at this boundary, Ω ,t + cΩ ,x 1 = 0, where Ω may be η or u 1 , and c is the constant, linear shallow-water phase speed c = ± gh.
E. The numerical solution
The governing equations in the four regions, along with the jump and matching conditions, are solved simultaneously for the unknowns. The system of equations is solved numerically by the central-difference method, second-order in space, and with the Modified-Euler Method for time marching. Further details about the numerical solution of the Level I GN equations can be found in Hayatdavoodi and Ertekin (2015c) .
Note that in this model, the plate is thin. Computational results of Lalli et al. (2008) on wave interaction with a submerged breakwater, obtained by use of the boundary element method, show that the thickness of the plate does not play significant role on wave scattering. They quantitatively showed that the reflected and transmitted waves do not alter as the plate thickness change for the t p h condition. Similar conclusion is made by Liu et al. (2009) for wave scattering by a submerged plate through laboratory measurements, and through computations and measurement of wave-induced loads on submerged plates and boxes by Hayatdavoodi et al. (2014) and Hayatdavoodi and Ertekin (2015a) , respectively.
We note that in this study, the fluid is inviscid. Presence of the submerged plate in a viscous fluid may result in formation of eddies and vortices at the leading and trailing edges of the plate due to the shear stresses near the boundary. See Poupardin et al. (2012) and Pinon et al. (2016) for laboratory experiments and computations on kinematics of wave-induced vortices around a submerged plate. The vortices, in return, may cause some wave deformations. The energy dissipation due to the formation of the vortices is relatively small, particularly when the plate is submerged at deeper depths. Moreover, laboratory experiments conducted by Brossard et al. (2009) show that the oscillations generated by the vortices are negligible. Such effects, associated with viscous stresses, are not considered in the inviscid model used here.
III. REFLECTION AND TRANSMISSION COEFFICIENTS
In studying wave scattering by a submerged plate, a classical approach has been to define reflection and transmission coefficients and associate the energy distribution to these coefficients. Change of the water depth due to the slope on the seafloor or presence of a submerged obstacle can lead to generation of some modes of oscillation which occur at discrete frequencies. The oscillations are confined to some localized regions near the variable slope or the submerged obstacle. Within the linear theory, and to obtain a definition for the reflection and transmission coefficients, it is necessary to distinguish these localized oscillations from the progressive wave components.
The topic of localized periodic waves was perhaps first discussed in the pioneering work of Stokes (1846) on the propagation of water waves over uniformly sloping beaches. Stokes (1846) describes the generation of a wave that can travel unchanged in the direction of the shoreline (perpendicular to the incident wave direction), which decays almost exponentially to zero in the upwave direction.
Existence of such oscillating modes above submerged obstacles were discussed later by Ursell (1951) . Such localized oscillations are often referred to as edge wave in applications of wave propagation over sloping beaches, and trapped phase-locked or bound modes in the context of wave scattering due to submerged obstacles. A distinguishing characteristic of a trapped wave is that it is confined to or trapped by the boundary, in this case the submerged plate, even though the fluid region is unbounded. Many have shown that trapped-modes exist in a wide class of problems including that of wave interaction with a submerged, long two-dimensional obstacle (Newman (1965) ), submerged elliptical torus (McIver and Porter (2002)), submerged cylinders (McIver and Evans (1985) ), submerged obstacles with arbitrary shapes Vanden-Broeck (1989, 2004) ), open channels ) and a row of circular cylinders (Utsunomiya and Eatock Taylor (1999) ), among others. See Ursell (1987) for a mathematical discussion of trapped modes in the linear theory of surface waves. Linton and Evans (1991) and Parsons and Martin (1995) , for example, study the formation of the trapped modes above a submerged horizontal plate, within the linear water wave theory assumption. For further discussion on trapped waves, see for example a survey book by Kuznetsov et al. (2002) , Chapter 5.
To quantify wave scattering by a submerged plate, and compare the GN results with results of laboratory experiments and other theoretical solutions, we shall define reflection and transmission coefficients for the GN equations. These coefficients use the change in wave height upwave and downwave to represent the energy reflection and attenuation. The plate results in wave scattering and formation of higher harmonics upwave and downwave. To define reflection and transmission coefficients, the main (fundamental) wave should be distinguished from the additional components and the locked modes.
A number of methods are suggested to determine the ratios of reflected and transmitted wave amplitudes to the incident wave amplitude, namely reflection and transmission coefficients. In a method suggested by Goda and Suzuki (1976) , linear wave surface elevation recorded by two adjacent gauges are considered. The amplitudes of the reflected and transmitted waves are then estimated by use of the Fourier transform method. A similar approach, based on recordings of three wave gauges is discussed by Mansard and Funke (1980) , where the least square method is used to calculate the coefficients. The methods suggested by Goda and Suzuki (1976) and Mansard and Funke (1980) , however, cannot distinguish between the free and phase-locked modes. To overcome this problem, a method is proposed by Brossard et al. (2000) and Brossard and Chagdali (2001) , in which the gauges upwave and downwave of the obstacle move with constant speed with respect to a fixed point. Such configuration allows for determination of the doppler effect. The free and locked modes of oscillation are distinguished by calculating the autospectrum of the recorded surface elevation by each moving probe.
In this study, we will use a four-gauge (two gauges upwave and two gauges downwave) method, introduced by Grue (1992) , to distinguish the free and locked components and define the reflection and transmission coefficients. In this approach, first the nonlinear wave is decomposed into a series of linear components by use of the Fourier transform.
Here, we summarize this method with respect to the problem of wave interaction with a submerged plate. Upwave of the plate, the surface elevation η up consists of the surface elevation of the incoming wave η I and the surface elevation of the reflected wave η R
assuming the interaction of the incident and reflected waves do not lead into generation of any oscillation modes. We assume that the surface elevation of the incoming wave η I with amplitude a I , wave number k and wave frequency ω, can be decomposed into free and bound (phase-locked) harmonics as 065212-11 Hayatdavoodi, Ertekin, and Valentine AIP Advances 7, 065212 (2017) 
where a (n) If and a (n) Ib denote the amplitude of the free and bound n th harmonic wave component, respectively, φ is the phase angle of the fundamental wave, k n and φ (n) f are the wave number and phase angle of the n th harmonic incoming free wave component. The bound harmonics are connected to the fundamental incoming wave component. The wave numbers of the free harmonic wave components are given by the linear dispersion relation:
We use n = 1 for the fundamental wave. The waves reflected from the obstacle are assumed to be decomposed similarly by
where a R is the first harmonic reflected free wave amplitude, a (n) Rf is the free n th harmonic reflected wave amplitude, and a (n)
Rb denotes the amplitude of the bound n th harmonic wave components connected to a R cos(kx 1 +ωt + φ R ). φ R is the phase angle of the first harmonic reflected wave, and φ (n) Rf , n = 2, 3, . . . , are the phase angles. Note that the reflected waves move to the opposite direction of the incoming wave i.e., they are left going.
Similarly, the surface elevation of the transmitted waves η T is assumed to be composed of free and bound (phase-locked) harmonics as
where a T is the first harmonic transmitted free wave amplitude, a (n) Tf is the free n th harmonic transmitted wave amplitude, and a (n)
Tb denotes the amplitude of the n th harmonic wave components connected to a T cos(kx 1 − ωt + φ T ). φ T is the phase angle of the first harmonic transmitted wave, and φ (n) Tf , n = 2, 3, . . . , are the phase angles. The transmitted waves are right-going, i.e., in the same direction as the incoming wave.
Once the free and bound wave components of the incident, reflected and transmitted waves are distinguished, the reflection and transmission coefficients can be defined as the ratio of the wave amplitudes of the first harmonics, or higher free or bound harmonics.
In this approach, we use four wave gauges, namely GI, GII, GIII, and GIV, to record the surface elevation η(x 1 , t). Gauges GI, and GII are located upwave of the plate at x 1 = X I and x 1 = X I + ∆X I , respectively, where ∆X I is the distance between the two gauges upwave. Gauges GIII, and GIV are located downwave of the plate at x 1 = X II and x 1 = X II + ∆X II , respectively, where ∆X II is the distance between the two gauges downwave. The relative location of the gauges are shown in Fig. 1 . No restrictions are placed on the ∆X I and ∆X II distances in this method.
Assuming that the surface elevation recorded by the gauges can be decomposed into free and bound components, in the form of Eqs. (31a) and (32a), the free waves are then determined by use of the Fourier transform given by 065212-12 Hayatdavoodi, Ertekin, and Valentine AIP Advances 7, 065212 (2017) 
where i = √ −1. We will use the dispersion relation of the linearized Level I GN equations, given by Green et al. (1974) as
The fundamental amplitude of the incident wave, a I , and the amplitude of the first harmonic of the reflected wave, a R , can be discerned usingη (1) (x 1 ) from (33) by
Similarly, the amplitude of the transmitted fundamental free wave is obtained through the recordings of GIII and GIV gauges by
The amplitudes of the higher harmonics of the free and locked reflected waves can be calculated similarly by
Once the amplitudes of the incident, reflected and transmitted waves are determined, the reflection and transmission coefficients can be calculated. In this study, the reflection coefficient, C R , is defined as the ratio of the first harmonic of the reflected wave amplitude, a R , to the fundamental (incident) wave amplitude, a I :
The transmission coefficient, C T , is defined as the ratio of the first harmonic of the transmitted wave amplitude, a T , to a I :
It is possible to define the reflection and transmission coefficients for the higher bound or free harmonics, see, for example, Liu et al. (2009) . Here, however, we shall only focus on the fundamental harmonic. Consequently, the relation C 2 R + C 2 T = 1, applicable to linear waves, is not always exactly satisfied for nonlinear wave transformation using the above definition of C R and C T coefficients. In principle, further information on the wave scattering can be obtained by considering evolution of the higher harmonics of the reflected and transmitted waves. See, e.g., Gobbi and Kirby (1999) for spatial variation of the Fourier components of the free surface elevation of nonlinear wave evolution over submerged sills.
We note that this approach in reconstructing the nonlinear GN results by use of the Fourier transform is used here to define the reflection and transmission coefficients. To examine this decomposition, the GN surface elevation of a small-amplitude wave (H/h = 0.067 and λ/L p = 2.5) recorded in Gauges I and III, upwave and downwave of a submerged plate (d/h = 0.33 and L p /h = 2.0) are recreated by use of the Fourier transform where a (n) is the amplitude of the n th harmonic wave, ω is the angular frequency of the fundamental (first harmonic) incident wave calculated by Eq. (34), and φ (n) are the phase angles.
The original GN and the reconstructed waves are show in Fig. 2 . A curve fitting technique (the nonlinear least-squares solver of MATLAB) is applied to determine the unknown amplitudes and the phase angles. In this case, the series of Eq. (40) converges at N = 3. The reconstructed GN curve is on top of the original GN results. Surface elevations are in good agreement with the laboratory measurements and numerical results of Liu et al. (2009) .
The approximation error associated with the wave decomposition would increase for long waves in shallow water. A fundamental source of error in using this approach to decompose the GN results (with finite number of sentences) is that, in the case of cnoidal waves, a larger mass of the wave is above the SWL, unlike in linear waves. We shall use this method to compare the GN results for the reflection and transmission coefficients with the laboratory measurements and existing numerical solutions in the literature, given in Section IV, where only intermediate-to deep-water waves are considered.
For consistency, throughout this paper, Gauges I and II are upwave of the plate, and Gauges III and IV are downwave. Gauges V and VI are above and below the plate, respectively, and at the centre.
IV. RESULTS AND DISCUSSION
Results of the GN equations for propagation of waves above a submerged plate are given in this section. The GN results are compared with the laboratory measurements and other theoretical solutions when possible.
A snapshot of the numerical wave tank of the Level I GN equations for the interaction of cnoidal waves (H/h = 0.2) with a horizontal plate (L p /h = 20), submerged at d/h = 0.5 in shallow water (λ/h = 40) is shown in Fig. 3 .
The incoming cnoidal waves undergo significant deformation due to the plate, mainly by the wave-wave effect, and partially due to the wave-structure effect. Upwave from the plate, the reflected wave (left-going) interacts with the incoming wave (right-going) and causes some deformations of it. Above the plate, due to the sudden change of the water depth, the wave height increases and the wave profile steepens, see the wave crest approaching the trailing edge of the plate in Fig. 3 . In this specific case, the wave face at the trailing edge of the plate is so steep that the wave is nearly breaking. Above the plate, trailing waves are generated and separated from the main wave crest as they propagate in the shallow region. Downwave of the plate, the waves undergo further deformation due to the sudden increase in the water depth. The trailing waves are distinguished from the main crest, and the height of the main wave is noticeably smaller. This wave scattering process can also be seen in Fig. 4 , where the surface elevation and horizontal velocity are recorded at five gauges. In this figure, Gauge I is at the wavemaker (x 1 = 0) recording the un-scattered incident wave, Gauge II is one plate length upwave from the leading edge (x 1 = X L L p ), Gauges V and VI are at the center, above and below the plate, respectively (x 1 = X L + L P /2), and Gauge III is one plate length downwave from the trailing edge of the plate (x 1 = X T + L P ). The wave condition and plate characteristics are the same as those in Fig. 3 .
While the wave propagates above the plate, there is a pulsating flow underneath the plate. Shown in Fig. 5 , pressure varies linearly under the plate between the leading and trailing edges of the plate, the vertical velocity is zero, and hence there is a spatially-invariant uniform flow under the plate.
A. Results comparison
Results of the GN equations for wave scattering by a submerged plate are compared with existing laboratory experiments and other theoretical solutions in this section.
Comparison of the results of the GN equations with the laboratory measurements and computational results of Euler's equations by Hayatdavoodi et al. (2015) of the time series of cnoidal wave scattering by a submerged plate is shown in Fig. 6 . Overall, a close agreement is observed between results of the GN equations with Euler's equations and laboratory measurements. The GN transmitted wave, recorded in gauge III shown in Fig. 6(c) , shows less fluctuation at the wave trough, and slightly slower propagating waves when compared with the other results. The wave height of the main wave, however, is in close agreement.
Next, comparison of the reflected and transmitted coefficients of the GN results, calculated by Eq. (38) and Eq. (39), respectively, with existing laboratory measurements and theoretical solutions are presented. For a given inviscid fluid, the reflection and transmission coefficients vary with wave conditions and plate characteristics, i.e., C T = f T (h, H, λ, d, L p ) , and similarly C R = f R (h, H, λ, d, L p ), where f T and f R are unknown functions. All the variables have length dimension, and hence dimensionless parameters can be formed by grouping any two parameters to study the variation of C R and C T .
In this section, the wave conditions and plate characteristics (plate length and the submergence depth) follow the existing data in the literature, so that the results of the GN equations can be compared. We note that in the literature, different methods are used to define the reflection and transmission coefficients. Agreement between the results (C R and C T ) of the GN equations and the data in the literature depends on the agreement in predicting the wave field, as well as (to some degree) the method used in determining the coefficients themselves.
Variation of the reflection and transmission coefficients with the kh(= 2π/λh) parameter is shown in Fig. 7 , where wavelength is the variable. The coefficients vary nonlinearly with the kh parameter, with distinguished peaks and troughs. The plate has a more significant effect on the wave field for smaller kh values, corresponding to shallow water regions. The oscillatory nonlinear variation of the coefficients with the kh parameter suggests that other parameters (plate length, in this case) also play a significant role on wave scattering. Overall, a close agreement between the GN results and laboratory measurements of Brossard and Chagdali (2001) is observed. Variation of the reflection and transmission coefficients with the wavelength over plate length ratio, λ/L p , for a relatively small wave (H/h = 0.067) is shown in Fig. 8 . In this figure, the submergence depth is d/h = 0.33 and plate length is L p /h = 2.0, and these are kept constant. The reflection coefficient, C R , initially increases with λ/L p values up to λ/L p ≈ 2.7, and then it shows some small reduction for longer waves. Conversely, the transmission coefficient, C T , shows an initial reduction with larger λ/L p up to λ/L p ≈ 2.7, and then becomes slightly larger for longer waves. For relatively shorter waves, the plate has less effect on wave scattering. These results, for the maximum and minimum wave reflection and transmission, are in close agreement with the laboratory measurements of Dattatri et al. (1977) on optimum plate length for maximum reflection from a submerged breakwater (λ/L p ≈ 2.5 − 3.3) in intermediate-depth wave conditions. Shown in Fig. 8 , overall, a close agreement is observed between the GN results and laboratory measurements of Liu et al. (2009) , particularly for longer waves. Good agreement is observed with the computational results of Liu et al. (2009) and Lin et al. (2014) , who used a boundary-element method and a desingularized boundary integral equation method, respectively. See Cao et al. (1991) for information on the latter method. The long-wave approximation analytical results of Siew and Hurley (1977) is also included in Fig. 8 . The LWA results are not in agreement with other results, particularly for shorter waves. The reflection coefficient calculated by the method of Siew and Hurley (1977) is FIG. 8 . Periodic wave scattering by a submerged plate vs. λ/L p ratio. Comparison of the reflection coefficient (C R ) and the transmission coefficient (C T ) of the GN equations and laboratory measurements of Liu et al. (2009) , numerical results of Liu et al. (2009) and Lin et al. (2014) , and analytical results of Siew and Hurley (1977) . H/h = 0.067, d/h = 0.33, L p /h = 2.0, and λ is variable.
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Hayatdavoodi, Ertekin, and Valentine AIP Advances 7, 065212 (2017) roughly in better agreement than the transmitted coefficient is. The main reason for the discrepancy between Siew and Hurley's method and other results is the assumption of long plate length (L p /h), which is not applicable in this case, where (L p /h = 2.0). Moreover, the relatively smaller submergence depth (d/h = 0.33) in this case poses further challenge to the assumptions made to drive the LWA solution. Such discrepancy is observed between the LWA results and other results in cases studied hereafter. Hence, only the reflection coefficient of the LWA is included, which is comparable to other results. Further discussion on the applicability of the method of Siew and Hurley (1977) for different wave conditions can be found in Patarapanich (1978 Patarapanich ( , 1984 , who used the analytical solution of Siew and Hurley (1977) to obtain the condition for maximum and zero wave reflection due to a submerged plate. Variation of the reflection and transmission coefficients with λ/L p ratio for a plate submerged in the middle of the water depth, d/h = 0.5, is shown in Fig. 9 . Shown in this figure, the reflection and transmission coefficients vary less with the λ/L p ratio when compared with the results shown in Fig. 8 , where the plate was closer to the SWL (d/h = 0.33). Note that the wave condition of Fig. 9 is slightly different from those in Fig. 8 . The variation of the coefficients with the λ/L p ratio, however, is in overall agreement with Fig. 8 , in that a peak reflection coefficient can be observed for λ/L p ≈ 2.7.
Overall, a close agreement is observed between the results of the GN equations and the laboratory experiments of Brossard et al. (2009) , and the BEM solution of Liu et al. (2009) and the DBIEM solution of Lin et al. (2014) . For this case of a plate submerged at deeper depth (d/h = 0.5), LWA results for the reflection coefficient is in closer agreement with other data. Results of the theoretical approaches are in closer agreement with the laboratory measurements for the reflection coefficient when compared with the transmission coefficient. This is partially due to the extreme wave transformation in the shallow region over the submerged plate where the theoretical solutions show some differences. Wave reflection, however, mainly occurs as the wave approaches the leading edge of the plate, and due to the sudden change in the water depth above the plate. Viscosity of the fluid, neglected in all theories of Fig. 9 , may also play a small role on the transmitted wave; a small part of the energy is dissipated due to the skin friction and formation of the vortices.
Shown in Fig. 9 , the GN equations have slightly underestimated the transmission coefficient, while other theoretical solutions have overestimated it, when results are compared with the laboratory measurements. Given the value of the reflection coefficient for most of the wavelengths (C R ≈ 0.2), results of the GN equations seem more physical than the other theoretical results, which have predicted C T ≈ 1. FIG. 9 . Periodic wave scattering by a submerged plate vs. λ/L p ratio. Comparison of the reflection coefficient (C R ) and the transmission coefficient (C T ) of the GN equations and laboratory measurements of Brossard et al. (2009) , numerical results of Liu et al. (2009) and Lin et al. (2014) , and analytical results of Siew and Hurley (1977) . H/h = 0.1, d/h = 0.5, L p /h = 1.25, and λ is variable.
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Hayatdavoodi, Ertekin, and Valentine AIP Advances 7, 065212 (2017) In Fig. 10 , variation of the wave transformation by a submerged plate with the λ/L p ratio for three submergence depths d/h = 0.24, 0.48 and 0.74 are shown. In this figure, the wave height (H/h = 0.11) and plate length (L p /h = 1.33) are kept constant, while the wavelength (λ) is variable. The reflection and transmission coefficients show an oscillatory behavior for 1 < λ/L p < 2. This is when the wavelength is comparable with the plate length, i.e. the wave crest and wave trough may be located at the leading and trailing edges of the plate simultaneously. As the wavelength increases, the coefficients show less variation.
In all cases, shown in Fig. 10 , the reflection coefficient approaches a maximum value at λ/L p ≈ 2.7−3.0, similar to that discussed for Figs. 8 and 9 . The transmission coefficient reaches a minimum value at this point, and this is not remarkable. Variation of the coefficients with the λ/L p ratio is significantly higher when the plate is closer to the surface. As the plate moves into deeper water, the coefficients become invariant with the λ/L p ratio. For the largest submergence depth (d/h = 0.74), the reflection coefficient approaches zero and transmission coefficient approaches one for longer waves. A close agreement between the GN results and the laboratory measurements of Brossard et al. (2000) is observed. The agreement is better when the plate is submerged at a deeper depth and for longer waves. The LWA results are in better agreement with the data as the submergence depth increases.
To further analyze the effect of submergence depth on the reflection and transmission coefficients in Fig. 11 , the wave conditions, H/h = 0.1 and λ/h = 3.125, and the plate length, L p /h = 1.25, are kept constant and the plate is submerged at different depths. Shown in this figure, and similar to the behavior seen in Fig. 10 , the reflection coefficient decreases continuously with the submergence depth, while the transmission coefficient increases. The submergence depth has a less important effect on the wave transformation at about d/h ≈ 0.5 and beyond. Very close agreement between the GN results and the laboratory experiments of Brossard et al. (2009) is observed. As expected, the plate has less effect on wave transformation when it is submerged at deeper depths. As d/h → 1, C R → 0 and C T → 1.
B. Shallow-water cnoidal wave scattering
In the previous subsection, and for comparison with laboratory experiments and results of other theoretical approaches, the plate in all cases was located in intermediate or deep waters. In this subsection, we will study the effect of the plate on long-waves scattering when it is locate in shallow water. The default wave condition of H/h = 0.2 and λ/h = 20 and plate characteristic of L p /h = 6.7 and d/h = 0.4 are used in all cases of this subsection. In each case, the nonlinear wave transformation is studied by changing one parameter, while keeping others constant. In this section, the surface elevation (η/h) is recorded at four wave gauges: Gauge I at the location of the wavemaker (un-scattered incident wave), Gauge II five plate lengths upwave of the plate leading edge, Gauge V above the plate at the center, and Gauge III five plate lengths downwave of the trailing edge of the plate. Time series of the dimensionless surface elevation (η/h), recorded by the gauges are given in all cases. Figure 12 shows the time series of the nonlinear wave transformation due to a submerged plate for different wave heights. Four wave heights are considered in this figure: H/h = 0.1, 0.2, 0.3 and 0.4. The plate has more significant impact on the wave for larger waves. For smaller waves, e.g. Fig. 12(a) , some deformation of the wave is observed at Gauge V, above the plate. The wave, however, recovers its form when propagates downwave of the plate, see Gauge III of Fig. 12(a) . This is not the case for larger wave heights, see Fig. 12(d) , where Gauge III downwave shows remarkable scattering of the wave, and the wave height is significantly reduced. 
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Hayatdavoodi, Ertekin, and Valentine AIP Advances 7, 065212 (2017) Seen in Gauge V of 12(b), over the plate at the center, a second hump is clearly formed in between the two consecutive wave crests; see timest = t g/h ≈ 315 ant ≈ 320 of this figure. As the wave height increases, in Figs. 12(c) and (d) , the height of this second hump drops. However, two other distinguished humps appear in between the two consecutive wave crests. As the incident wave height increases, for a fixed submergence depth, the wave diffraction above the plate is stronger, i.e., the initial increase in the wave height above the plate occurs faster, and as the wave propagates in the shallow region, extra humps form and separate from the main crest. Hence, the height of the main wave, recorded at the center of the plate, drops with the increase in the incident wave height. Figure 13 shows the time series of nonlinear wave transformation by a submerged plate in shallow water for different λ/L p ratios. In this figure, to allow a comparison between cases with different λ/L P ratios, the wavelength is kept constant (λ/h = 20) and the plate length is varied. The plate length is decreasing from Fig. 13(a) to Fig. 13(d) . As expected, the longer plates cause more significant wave scattering. The effect of the plate length on wave scattering, however, remains nonlinear for shallow-water waves. For λ/L p = 0.5, Fig. 13(a) , the reflected wave has caused a deeper trough upwave, while a small second hump is generated downwave. For λ/L p = 2, Fig. 13(c) , however, Gauge III downwave shows the largest reduction in the elevation of wave crest from the SWL among cases considered in this figure. Note the increase of the elevation of the wave crest, above the plate, compared with the incoming wave, particularly seen in Fig. 13(c) , Gauge V.
These results are in qualitative agreement with those discussed in Section IV for intermediate and deep water conditions. Overall, the plate length does not appear to have a significant effect on the scattering of long waves.
Time series of nonlinear wave transformation with plates located at different depths (d/h) in shallow water are shown in Fig. 14. Seen in this figure, the plate causes significant wave scattering when it is closer to the SWL. The plate has less effect as the submergence depth increases, but the relation remains nonlinear. This is in qualitative agreement with the results shown in Fig. 11 , for intermediate to deep water conditions.
Comparison between results shown in Fig. 12 , where the wave height is variable, with those shown in Fig. 14, where the submergence depth changes, shows that the plate submergence depth has a more important role on the wave scattering. In both Figs. 12(d) and 14(a) , the ratio of the incident wave height to water depth above the plate is H/d = 1. The wave scattering caused by the plate in Fig. 14(d) , however, is more significant particularly at the upwave region where the incoming wave has deformed more severely.
For the given wave height and plate length discussed in Fig. 14, wave breaking occurs at smaller submergence depths. Wave breaking above the plate results in energy attenuation and formation of higher harmonic oscillations. The transmission coefficient would reduce due to the wave breaking above the plate. For further discussion on the effect of wave breaking on the wave scattering see, e.g., Brossard and Chagdali (2001) , who conducted laboratory experiments on wave interaction with FIG. 13 . Time series of cnoidal wave scattering by a submerged plate, calculated by the GN equations, for (a) λ/L p = 0.5, (b) λ/L p = 1, (c) λ/L p = 2, and (d) λ/L p = 10. Other parameters are constant: H/h = 0.2, d/h = 0.4, L p /h = 6.7. a submerged plate. In general, the breaking limit of course depends on a combination of the wave height, wavelength to plate length ratio, and the submergence depth.
C. Solitary wave scattering
In this part, we study the transformation of a solitary wave propagating over a submerged plate calculated by the GN equations. After a discussion on the solitary wave scattering, the problem will be analyzed by studying the deformation of the surface elevation and by defining the reflection and transmission coefficients for the solitary wave.
Evolution of a solitary wave (A/h = 0.2) over a long plate (L p /h = 70), submerged at d/h = 0.4 depth is shown in Fig. 15 . The long plate, considered in this case, allows for a better observation of the solitary wave transformation over the plate. This figure consists of several snapshots of the numerical domain taken at constant time intervals. The solitary wave propagates from left to right, and in this figure, time increases from the top to bottom snapshots.
The solitary wave propagates with constant form and speed on the flat seafloor upwave from the plate. At timet = t 1 , approximately, the peak of the solitary wave approaches the leading edge of the plate (X L ). At this point, an oscillatory wave reflects back upwave, consisting of a series of waves with decaying wave heights. As the main soliton propagates above the plate, at time t 1 <t < t 2 , approximately, its height increases initially and a second soliton starts forming and separating from the main wave. The soliton fission process continues to develop until the peak of the main soliton approaches the trailing edge of the plate at timet = t 2 , approximately, after which the soliton moves from the shallow depth to deeper depth. Downwave from the plate, a series of oscillatory waves with decaying wave height are formed at the tail of the solitary wave, and the amplitude of the main 
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Hayatdavoodi, Ertekin, and Valentine AIP Advances 7, 065212 (2017) soliton is decreased. Also seen at timet = t 2 , approximately, small wave reflection occurs as the main soliton propagates from shallow to deeper depth. The reflected waves propagate leftward over the submerged plate. Again, as the reflected wave approaches the leading edge of the plate, a wave with smaller amplitude is generated that travels back above the plate, this time, to the right, and this process continues. A portion of the energy is trapped above the plate and reflects back and forth between the leading and trailing edges, and it is attenuating. The propagation speed of the main soliton, and the waves above the plate vary when they travel in the deeper section of the domain versus above the plate, see timest = t 1 ,t = t 2 , andt = t 3 , approximately, and this is not remarkable. Also, in Fig. 15 , note the surface fluctuations at the trailing edge of the plate, when the solitary wave approaches the leading edge of the plate at timet = t 1 , approximately. Similarly, small oscillations can be observed at the leading edge of the plate, when the main soliton approaches the trailing edge of the plate at timet = t 2 , approximately. These are due to the uniform flow under the plate, generated by the pressure differential at the leading and trailing edges, when the main soliton is at one end of the plate.
The above behaviour seen for the propagation of a solitary wave above the plate is somewhat similar to that of propagation of solitons above a submerged step or shelf, from deep to shallow section, and from shallow to deep section. Soliton fission occurs as the wave propagates to shallow depth above the shelf, and oscillatory waves separate from the main soliton as it propagates from shallow section to deeper depth. See, e.g., Ertekin et al. (2014) for more details. Some distinguished differences are also apparent between these cases, mainly in the height of the humps and distances between them due to the oscillating flow under the plate.
A comparison of the results of the GN equations for propagation of a solitary wave above a submerged plate, with the laboratory measurements, and results of the Reynolds-Averaged Navier-Stokes (RANS) equations, and a linear solution of Lo and Liu (2014) is shown in Fig. 16 . The propagation of the solitary wave is recorded at three gauges: Gauge I one plate length upwave, Gauge V above the plate at the centre, and Gauge III downwave form the plate. Overall, a close agreement is observed particularly between the GN results, and RANS results and the laboratory measurements. Some small differences are seen for the amplitude of the soliton above the plate at the centre.
Next, solitary wave transformation over a submerged plate recorded at four gauges in the numerical tank is presented here. The wave gauges are placed at the same locations as in the cnoidal wave cases: Gauge I is at the wavemaker, Gauge II is five plate length (5L p ) upwave from the leading edge, Gauge V is above the plate at the center, and Gauge III is 5L p downwave of the plate trailing edge. Time series of the solitary wave transformation for different wave amplitude, plate length, and plate submergence depth are shown in Figs. 17, 18, and 19, respectively. In these figures, the horizontal time axis corresponds to the recordings of Gauge V above the plate. The recordings of the other gauges are shifted (in time) to match the wave in Gauge V, so that a comparison of the wave scattering at different gauges can be made. Gauge II, upwave from the plate, shows the main reflected hump. The Figure 17 shows the solitary wave scattering of waves with variable amplitudes A/h = 0.1, 0.2, 0.3 and 0.4. The propagation speed of the GN solitary wave over a flat seafloor is calculated by U = g(A + h), see Ertekin and Wehausen (1986) . Here, solitary wave speed increases with √ A + h rate for waves with larger amplitude. The increase in the solitary wave propagation speed can be observed in Fig. 17 , when comparing the wave recorded in Gauge I of Fig. 17(a) with Fig. 17(d) , for example. The peak of the larger wave passes the fixed wave gauges at a faster rate and hence it looks more concentrated.
As the wave amplitude increases, shown in Fig. 17 , the effect of the plate on wave is more remarkable, and this is expected. The transmitted wave, although recovers to a soliton shape, has a smaller wave amplitude due to the energy attenuation and transfer beneath the plate. Amplitude of the main reflected soliton, however, does not appear to vary significantly with the incident wave amplitude. In all cases, the solitary wave amplitude above the plate is dropped slightly, and this is due to the energy reflection upwave, and energy transmission below the plate. It is, however, expected that for long plates, the solitary wave amplitude above the plate increases after the initial drop due to smaller water depth.
Time series of solitary wave transformation propagating over plates with different lengths are shown in Fig. 18 . The most significant impact of the plate length on the solitary wave transformation is seen at Gauge V, above the plate. As the plate length increases, the second hump has more time to develop and separates from the main soliton, before it arrives at the trailing edge of the plate. Shown in Fig. 18(d) , the case of the longest plate, a second hump is about to separate from the original wave. The transmitted wave, however, seems to be independent of the plate length, and it recovers its form, to a large extent, in all cases. Overall, the plate length appears to have little effect on the scattering of the solitary wave.
Time series of solitary wave scattering by plates submerged at different depths are shown in Fig. 19 . In Fig. 19(a) , d/h = 0.2, when the plate is closest to the SWL, it has the most significant impact on wave scattering. In this case, the wave above the plate undergoes significant deformation and faster than other cases, and the transmitted wave has the smallest amplitude. In all cases, the transmitted wave downwave has recovered its original form. The amplitude of the reflected wave, recorded by Gauge II, increases when plate is closer to the SWL.
For a solitary wave, we define the reflection and transmission coefficient by C R = A R A I , C T = A T A I , respectively, where A I is the incident solitary wave amplitude, and A R is the amplitude of the main hump reflected from the plate, and A T is the amplitude of the transmitted soliton. It is observed that the main reflected soliton does not change its form as it propagates away from the leading edge of the plate. The transmitted soliton, however, initially shows some changes immediately downwave of the plate. It then recovers a constant form and keeps its shape as it propagates downwave over the flat seafloor. The amplitude of the transmitted soliton is recorded at a gauge five L p downwave where the soliton has reached its permanent shape.
The variation of the solitary wave reflection and transmission coefficients with wave amplitude, plate length and the submergence depth are shown in Fig. 20 . The wave condition and plate characteristics are same as those discussed in Figs. 17, 18 and 19. The default values of A/h = 0.2, d/h = 0.4, and L p /h = 2 are selected, and in each case, one parameter is varied while the rest are kept constant.
Shown in Fig. 20(a) , the reflection coefficient varies slightly with the wave amplitude, i.e. the energy reflection percentage from the submerged plate is independent of the wave amplitude. The transmission coefficient, on the other hand, decreases slightly for waves of larger amplitudes. This is mainly due to the stronger soliton fission process for a larger wave, where larger percentage of the energy is attenuated, forming oscillatory tail waves.
Seen in Fig. 20(b) , the reflection coefficient shows a slight increase as the plate length enlarges to about L p /h ≈ 2. This is because the effective length (wave above the SWL) of the solitary wave is comparable with the plate length in this case. Beyond this point, the reflection coefficient remains constant up to L p /h ≈ 7. It then reduces slightly. As the solitary wave approaches the leading edge of the longer plate, some further fluctuations are observed at the leading and trailing edges. This results in a slightly smaller percentage of the wave reflecting back upwave. The transmission coefficient, shown in Fig. 20(b) , decreases slightly with the increase of the plate length. As the soliton propagates over the longer plates, there is more time for it to separate into higher number of solitons, and hence a reduction of the amplitude of the main soliton downwave.
Shown in Fig. 20(c) , and similar to the case of cnoidal waves, the plate has less effect on the solitary wave scattering when it is submerged at a deeper depth. The reflection coefficient decreases and the transmission coefficient increases with larger submergence depth. The relation, however, remains nonlinear with slight variation for d/h > 0.5, when the plate is submerged at a depth larger than 50% of the water depth.
V. CONCLUDING REMARKS
Nonlinear scattering of cnoidal and solitary waves by a submerged plate is studied by use of the Level I GN equations. When waves encounter a submerged plate, some of the wave energy reflects back due to the fluid-fluid and fluid-structure interactions at the leading edge of the plate. The remaining wave energy transfers above and below the plate mainly, depending on the submergence depth (d/h) and the wavelength over plate length ratio (λ/L p ). Above the plate, waves undergo significant changes due to the sudden reduction in water depth; nonlinearity effects are dominant, wave height increases and waves may ultimately break for large amplitude waves and for L p λ. Below the plate, pressure varies linearly between the leading edge and trailing edges, resulting in a uniform and oscillatory flow. Downwave, with the sudden increase of the water depth, dispersion effects are dominant, resulting in the formation of higher nonlinear harmonics and a change in wave frequency, and in principal, a reduction of wave height. The reflection occurs both at the leading edge of the plate, when waves propagate from deep to shallow water, and at the trailing edge, when waves propagate from shallow to deeper depth. The reflection at the leading edge, however, is dominant.
The uniform flow under the plate results in almost instantaneous transfer of energy between the two edges, causing further complication on the wave scattering. At λ/Lp ≈ 2.7 − 3.0, the uniform flow under the plate is at its highest from the trailing edge to the leading edge of the plate. This is approximately the time when the wave crest of the diffracted wave is at the trailing edge of the plate and the trough of the wave is at the leading edge, resulting in maximum wave reflection.
The wave scattering due to a submerged plate is mainly due to the sudden change in the water depth above the plate, and the oscillatory flow beneath the plate. The scattering due to the fluid-fluid interaction is sensitive to the environmental condition that alter the flow field around the submerged 065212-26 Hayatdavoodi, Ertekin, and Valentine AIP Advances 7, 065212 (2017) plate, i.e. the wavelength to plate length ratio λ/L p , and the submergence depth of the plate d/h. The close agreement of the GN results with experiments on plates with different thicknesses reveals that the plate thickness does not play any significant role. For deep and intermediate waves, the wave scattering is characterised by defining the reflection and transformation coefficients. A comparison of the nonlinear wave scattering coefficients of the Level I GN results with the existing laboratory results and other theoretical solutions show an overall good agreement. For highly nonlinear waves, however, higher level GN equations would provide more accurate results. In particular, if energy attenuation and distribution are of interest, high-level GN equations would provide further details about the higher harmonics generated.
For long waves in shallow water, the plate causes a significant energy attenuation by formation of the higher harmonics downwave from the plate. In shallow water and for long waves, the wavelength to plate length ratio does not seem to have a significant role as in deep-water wave condition, but the submergence depth is the dominant factor. The change in wave height, in the case of long waves in shallow water, seems to influence the transmitted wave mostly, with a small impact on the reflected wave. A solitary wave shows a similar behaviour for long waves in shallow water, and this is expected.
The use of a single reflection or transmission coefficient may be appropriate for intermediate to deep water conditions. For nonlinear, shallow-water waves, a significant portion of the energy is allocated to the generation and growth of the higher harmonics, both upwave and downwave from the plate. In shallow water, and for long waves, however, using the reflection and transmission coefficients in describing the energy attenuation may be misleading. The energy distribution due to the generation of higher wave components must also be considered.
A submerged plate may be used as a wave breaker to reduce the severity of the incoming waves. In this case, maximum reflection coefficient and minimum transmission coefficient are desired. It is shown that an optimised wave-plate condition can be obtained for these objectives. The variation of C R and C T with the environmental conditions (wave height, wave length and submergence depth), however, is nonlinear. In most cases, it is found that a combination of d/h and λ/L p defines the optimum condition.
A submerged plate in shallow water can be used as a wave focusing device, resulting in focusing of energy above the plate. The sudden reduction of the water depth results in an increase of the nonlinear effects and a temporary increase of the elevation of the wave crest, followed by the formation of higher harmonics. The wavelength to plate length ratio and the plate submergence depth play a significant role on the wave-focusing phenomenon.
It is shown that in shallow water, the plate has little effect on smaller waves (smaller H/h), and it is mostly influential on waves with larger wave height. Hence, a submerged plate can act as an effective tool for protection of marine aquaculture environments, where some natural wave effects are desired.
